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In this paper, using the techniques of Gauge/gravity duality we explore the hydrodynamic regime 
of « = 3 Lifshitz fixed points in 1 + 1 dimensions. The speed of sound in the non relativistic plasma 
turns out to be -v/3, which clearly violates the conjectured upper bound. We identify this as a 
natural consequence of the Lorentz symmetry breakdown at 2 : = 3 Lifshitz fixed point. Finally, 
the non perturbative correction appearing from the higher derivative sector of the New Massive 
Gravity seems to preserve the conjectured lower bound for the bulk viscosity to entropy ratio. We 
also propose some practical set up to test these results. 


I. OVERVIEW AND MOTIVATION 

Fluid dynamics is the low energy effective description 
of finite temperature QFTs perturbed from their usual 
thermal equilibrium by means of small fluctuations [l| . In 
recent times, the Gauge/gravity duality has been found 
to shed enough light on various key aspects of Wdro- 
dynamic transports in a strongly coupled fluid [ 3 . In 
other words, the Gauge/gravity duality provides a unique 
framework to explore the low frequency behavior of two 
point correlators between different components of the 
stress tensor in the strong coupling regime. 

Among various remarkable outcomes of the 
Gauge/gravity duality, it is the existence of the 
sound modes in a strongly coupled plasma Q that turns 
out to be the prime focus of our current analysis. It 
is the standard lesson of fluid dynamics which tells us 
that sound waves can always propagate through a finite 
temperature fluid medium. The information regarding 
the sound velocity could be extracted by knowing 
the poles in the expression for the retarded two point 
correlators between some of the components of the stress 
tensor Q. 

The goal of the present analysis is to explore the hy¬ 
drodynamic regime for a class of non relativistic strongly 
coupled fluids in 1 -I- I dimensions using the standard 
techniques of Gauge/gravity duality. The bulk construc¬ 
tion for our analysis turns out to be the 2 = 3 Lifshitz 
black hole solutions of New Massive Gravity (NMG) Q. 
There are in fact several motivations behind our present 
analysis which we quote systematically. 

(i) Since the Lorentz symmetry is explicitly broken for the 

dual fluid dynamical system under consideration, there¬ 
fore one should expect some natural violation of the con¬ 
jectured upper bound on the speed of sound particularly 
for this fluid medium [^, . The present calculation is a 

concrete example in favour of the above argument. 

(ii) It turns out to be an interesting issue to explore the 
effect of genuine higher derivative (NMG) corrections on 
the bulk viscosity to entropy (C/s) ratio in I -|- 1 dimen¬ 


sions 0 and to see whether we get a bound violation just 
like the case for the shear viscosity to entropy entropy ra¬ 
tio Q. Interestingly this issue is completely unexplored 
for non relativistic strongly coupled fluids (particularly 
in lower dimensions) and the present calculation is the 
first non trivial example to the best of our knowledge 0 . 

(iii)Finally, and most importantly, there are enough mo¬ 
tivations to study non relativistic fluids in I -|- I dimen¬ 
sions solely from the perspective of the usual condensed 
matter systems [lO, [U ■ 


II. THE BULK SOLUTION 


We start our analysis with a brief introduction to the 
bulk construction, namely the Lifshitz solution in the 
context of New Massive Gravity (NMG) IQ . The corre¬ 
sponding action in the NMG reads as d, [T2| , 
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Here A is the cosmological constant and A is the NMG 
coupling constant. The above action © admits a Lifshitz 
solution of the type, 
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together with, 


2 = 3, 



A = -2P. 


The horizon is located at r = ry = Ml . For convenience, 
we set Z = I in the subsequent calculations. 

Interestingly in our analysis we observe that unlike the 
case for the usual higher derivative theories in AdS [T^ , 
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the equations of motion corresponding to the hydrody¬ 
namic (spin 0) fluctuations turn out to be fourth order 
linear differential equations which thereby invite a com¬ 
pletely different as well as challenging platform to com¬ 
pute the hydrodynamic transports for the non relativistic 
0 = 3 plasma at strong coupling. 


III. THERMODYNAMICS 


In this section we provide a brief discussion to the 
basic thermodynamic principles and/or identities which 
any fluid dynamical system must obey. These are the 
so called first law of fluid mechanics and the Euler rela¬ 
tion [ij. Before we actually come to these issues, let us 
first note that the Wald entropy density for the above 
black hole solution ([2]) turns out to be |1^ . 


Sirrh 
s = - 
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( 3 ) 


which also matches with [Tsil in the appropriate limit. 

The energy density (e) could be formally obtained by 
integrating over the Noether charge associated with the 
time like Killing symmetr}0 [Tsjl . 


e = 


( 4 ) 


The Hawking temperature {Th) associated with the black 
hole solution Q turns out to be Q, (T^ . 



( 5 ) 


It is now in fact a quite trivial task to check that the 
above entities O and (O trivially satisfy the first 
law [H, 


de = Thds. 


( 6 ) 


Next, we compute the pressure density (p) using the Eu¬ 
ler relation [J, 

p = ThS-e=^. (7) 

K 

Finally, using 0 and 0 the velocity of sound (vg) turns 
out to be. 



Eq.(|Sl) is precisely the speed of sound propagation from 
the perspective of the boundary hydrodynamics. The 


^ One can derive this result by using several other techniques for 
example, using the notion of renormalized holographic stress ten¬ 
sor [la . [itII or dimensionally reducing to dilaton gravity [T3l . In¬ 
terestingly, all these methods yield the same result and therefore 
are claimed to be consistent with each other IlSl . 


fact that Ug > 1 should not come as a surprise since we 
are dealing with a non relativistic system corresponding 
to 0 = 3 fixed point where in principle there should not be 
any upper bound on the speed of light. Incidentally be¬ 
cause of this reason, the (conjectured) universality bound 
on the charge diffusion does not in general hold for Lif- 
shitz like fixed points [2^. 

Finally, using 0 and 0 the heat capacity turns out 
to be, 

C=^ (9) 

oK 

which turns out to be positive definite. Eq.0 is an im¬ 
portant ingredient in order to estimate the speed of sound 
(ug) inside a fluid medium (2lj |. We will make more spe¬ 
cific comments about it in the concluding section. 


IV. HYDRODYNAMICS 

In the standard framework of fluid dynamics, the veloc¬ 
ity for sound modes are obtained by knowing the pole(s) 
in the expression for the retarded correlator (s) of the type 
< TtxTtx > As far as the current analysis is con¬ 

cerned, the stress tensor corresponding to the boundary 
non conformal fluid could be formally expressed as, 

= {e+ p)Ufj,u^ + prjfj,^ - + 'niiu)d\u^ (10) 

where is the 2-velocity of the fluid satisfying = 

— 1 and C is the coefficient of bulk viscosity which appears 
as a consequence of the broken conformal invariance in 
the boundary theory. At this stage it is noteworthy to 
mention that for fluids in 1 -|- 1 dimensions, it is the coef¬ 
ficient of bulk viscosity (C) that turns out to be the only 
existing nontrivial transport coefficient in the context of 
first order viscous hydrodynamics. 

In order to find pole(s) in the expression for the re¬ 
tarded correlator(s), we first perturb the fluid in its rest 
frame as [^ . 

Ttt = e + STtt 
Ttx = dTtx 
Txx=P + 5Txx 

Ut = 1 , Ux = Sux- ( 11 ) 

Next, substituting the above perturbations (HU first into 
the conservation equations = 0 and then perform¬ 

ing the Fourier transform for each of the thermodynamic 
entities it is quite straightforward to obtain the following 
algebraic relation [^ . 

+ -= 0. (12) 

V oe e + p / 

The dispersion relation that follows trivially from (HU) 
could be formally expressed as, 

, ■ c 

uj = ±Ugg-i—-—- 

2(e + p) 


( 13 ) 
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where, ^ is the square of the sound velocity in the 
non conformal fluid. Using the Euler relation, 

e+p = ThS (14) 

one can finally express (US in a more sophisticated form 
as, 

UJ = ±Vsq-i^^q^. (15) 

2ThS 


With the above set up in hand, our next task is twofold, 
first, to check the validity of the conjectured upper bound 
on the velocity of sound ii for non conformal fluids 
corresponding to 2 ; = 3 Lifshitz fixed point and second, 
to explore the effect of non perturbative higher derivative 
(NMG) corrections on the bulk viscosity to entropy (C/s) 
ratio in 1 +1 dimensions and comment on its conjectured 
lower bound UM- 

I 


V. SOUND MODES AND BULK VISCOSITY 

The first step towards computing the holographic 
sound modes is to turn on the scalar (with respect to 
boundary rotational symmetry) perturbations in the bulk 
namely (3|, 

where we have fixed the gauge h^r = 0. This gauge 
fixing does not fully exhaust all the gauge freedoms of 
the full theory. The equations of motion corresponding 
to the above scalar fluctuations exhibit residual gauge 
and/or diffeomorphism invariance Q. As a result the 
most general gauge invariant fluctuation turns out to be, 

Z = -ci(r)Htt(r) + C2(r)Htx{r) + c^(r)H^^{r) 

! / 

- q'^(r'^^f{r)Htt{r)^ + 2quj(r'^Htx{r)^ 

/ 

+ uj'^(r'^Hxxir)'j (17) 

where the individual coefficients (q) turn out to be. 


- r){M + r) [q^r'^ {6M^ - 2iMr^ + ISr'^) + (M - 2r‘^))) 
(M — 7-2) (oj^ + (2M — Sr^)) 


C2(r) = 2 qr^LO 


r Aq^r (Af — 3r^) 1 

M — + q^r'^ (2M — Sr^) r 


C3(r) 


(r6j2 (gV2 (6M2 - 23Mr2 + ISr'*) + (M - 2r'^))) 
(r2 - M) ((aj2 + g2r2 {2M - 3r2)) 


(18) 


In order to arrive at (HZl) we have used the following 
metric redefinitions namely, 

hxx = e-^^^+^'^^r^Hxxir) 

htx = e-*“*+*«"r2Ef,,(r) 

htt = -e-*“‘+*«"r2V(r)77«(r). (19) 

Note that here prime denotes derivative with respect to 
the radial coordinate (r). 

Using the linearized equations of motion of individual 
scalar perturbations, it is indeed quite interesting to note 
that unlike the previous examples in the literature Q , the 
gauge invariant combination (HZl satisfies a sixth order 
linear differential equation of the type, 

Ao{r,uj,q)Z + Ai{r,uj,q)Z + A 2 {r,uj,q)Z + 
A3{r,uj,q)Z + A4{r,oj,q)Z + A3{r,u!,q)Z + 

Ae{r,uj,q)Z = 0 (20) 

where details of the coefficients (Ai) are too cumbersome 
and not quite illuminating. 


Next, we explore (uni) in two asymptotic regions 
namely, near the boundary (r —>■ c») of the spacetime 
and at the horizon (r = ru = 1). We first consider the 
following ansatz for Z, 

^ = (1 - F(r). (21) 


Considering the near horizon expansion and considering 
the ingoing wave boundary condition Q, the parameter 
a could be read off as. 


itjj iuj 

4^ ^ “T' 


( 22 ) 


Next, considering the large r limit we expand Fir) in 
the frequency (w) as well as in the momentum (g). 


F{r) = Fo(r)+a;Ui(r)+gF 2 (r)+a;^F 3 (r)+a;gF 4 (r)+g^F 5 (r) 

(23) 

and extract the finite piece in the limit r —> 00 . Keeping 
those finite pieces intact and considering the asymptotic 
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normalization condition Q, 

F(oo) = 0 (24) 

we finally arrive at the cherished dispersion relation of 
the following form0, 


uj = Viq- ^-Tq^ (25) 

where, 

= I = s (‘ - t) “ 

which clearly seems to preserve the conjectured lower 
bound [3, [23 as A is negative. Eo. d^ represents the 
full non perturbative NMG correction to C/s ratio in 
1 + 1 dimensions. In [^, it has been argued for the 
first time that the presence of effective coupling for gravi¬ 
tons could modify the sound damping coefficient. How¬ 
ever, the arguments of are mostly valid for conformal 
case, whereas on the other hand, our analysis might be 
regarded as the first non trivial example in the context 
of non conformal fluids. 


VI. SUMMARY AND FINAL REMARKS 

Let us now summarize the key findings of our analysis. 
The present analysis has two major outcomes. The first 
observation tells us that the speed of sound propagation 
{vs) inside a 2 : = 3 strongly coupled plasma in 1 + 1 di¬ 
mensions clearly exceeds the conjectured upper bound. 
This observation is not surprising in the context of non 
relativistic hydrodynamics where the Lorentz boost sym¬ 
metry is explicitly broken near the UV fixed point of the 
theory. Finally and most importantly, we note that the 
nonperturbative NMG correction to C/s ratio does not 
violate the conjectured lower bound in 1 + 1 dimensions. 
This is the first nonperturbative higher derivative correc¬ 
tion to C/s ratio to the best of our knowledge. 

There are some real life condensed matter systems 
where z = 3 fixed point is realized exactly [13,[HI- Infor¬ 
mation regarding the speed of sound could in principle be 


inferred by utilizing certain specific data in a systematic 
manner. Heuristically, thermal energy is related to the 
density of states in the following manner 2 l|, 


Eth 


duj’D{uj) < n(uj) > huj 


(27) 


where the density of the states (®(w)) is related to the 
group velocity of the phonon excitations of the medium, 

'D{uj)du! = [ ——duj (28) 

J Vs 

where lu> is the line element over the two dimensional 
surface in the momentum space . Combining (1271) and 
(l28t one can in fact relate thermal energy with the speed 
of sound propagation (vs) as. 


Eth = [ duj—— < n{ui) > huj. 

. Vs 


Finally, the specific heat could be found as, 

^ _ OEth 
~ dT 


(29) 


(30) 


which therefore suggests that one should in principle be 
able to estimate the speed of sound (vs) from the knowl¬ 
edge of heat capacity (G) (1501) . In other words, experi¬ 
mentally one can measure the velocity of sound by know¬ 
ing the corresponding data on specific heat for the under¬ 
lying system. There are in fact some systems where the 
dynamical exponent {z) is very close to 3 0 , and the 
specific heat measurements are also performed for them. 
So we hope that the information regarding the speed of 
sound {vs) could in principle be estimated for fluids in 
1 + 1 dimensions and this opens up the possibility to test 
various predictions of Gauge/gravity duality in near fu¬ 
ture. 
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® As the gauge invariant combination satisfies a six order differ¬ 
ential equation ll20l and there are in fact two boundary con¬ 
ditions namely, the in going wave boundary condition and the 
asymptotic boundary condition GU, therefore in principle we 
can uniquely fix two of the six unknown coefficients. Surpris¬ 
ingly the special combination of the remaining four coefficients 
get uniquely fixed once we identify the leading coefficient (associ¬ 
ated with q) on the r.h.s of (I25II as the speed of sound propagation 
dU for the boundary hydrodynamics. This automatically fixes 
the q/s ratio too. 
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